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Introduction

Traces for: Maxwell's Equations / De Rham Complex
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models. One of the main points of the book is the introduction of mathematical tools
to characterize electromagnetic fields precisely and, among others, the traces of
lots of pages | those fields on submanifolds of R3. This issue is especially important on nonsmooth
submanifolds. Another important issue is the mathematical measure of those fields,

on traces
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Traces for Hilbert Complexes

Question: Why are traces so complicated?
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Question: What is AHT/IﬁO(O)(divr /curlr,T)?

some answers below

— e .
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(trace space complex) iso”

(trace range complex) iso”

(dual trace space complex) iso”

(dual trace range complex) iso”
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Introduction

Traces for Hilbert Complexes

OVERVIEW and BASIC IDEAS

paper in JFA 2023:

R. Hiptmair, D. Pauly, and E. Schulz: Traces for Hilbert Complexes
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Introduction

Traces

Traces without any regularity of the domain?

Is this even possible?

even better:

Traces without domains (or boundaries)?
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Introduction

Traces

A:D(A) cHp - H;p Iddc: lin, dendef, cl

Traces for D(A)?

Q c RN Lipschitz:
very classical
D(A) = H! or WP, scalar trace us = u|r
classical (we stay in Hilbert spaces)
D(A) = H(curl) or H(div), tan or nor traces vt = (v x v x 1/)|r, Vo= (v- v)|r
more recent (BGG, zoo of complexes)

D(A) = H(Curl" Curlg), H(div Divg), H(sym Curlr), . ..
... H(Curl Curl Curl), H(curl Div), H(Grad curl) . ..

traces
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Introduction

Traces

A:D(A)cHy—H;

Traces for D(A)?

Q c RN Lipschitz

What if less regularity? What if

° ‘ Q just open / no regularity | and D(A) = HY(Q), H(curl, Q), H(div,Q), ...?

° at all, just D(A)?
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Introduction

Traces

A:D(A)cHy—H; Iddc
A*: D(A*) cHy - Ho Iddc, Hilbert space adjoint

Traces for D(A)?

basic idea: integration by parts / extension of adjoints

PC60, IHP, 17-06-2025

VXED(A) VyED(A*) <y7AX>H17(A*y7X>Hg:0

think of A = grad: D(A) = Al c L2 - L2
and A* = —div: D(A*) = H(div) c L?> - L?

(y,groad X)2 +(divy,x)2=0
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Introduction

Traces

AcA Iddc

A*c AT:=A* (AT formal transpose of A) Iddc, Hilbert space adjoints

Traces for D(A)?

basic idea and setting: integration by parts / extension of adjoints

3xeD(A) 3yeD(AT) (v, Ax)u; = (AT y, x)n, # 0

think of grad = A c A = grad D(grad) = H! c D(grad) = H!
and —div=grad* =A* c AT = A* = grad* = —div  D(div) = H(div) c D(div) = H(div)

(y,gradx)2q) +{divy, x)2(q) = (¥n,xs)e12(ryr #0
—_—

“w "
= [YnXs = «.ynaxs»H—l/2 ). HY2(r
for some x € H, y € H(div) r (NHYEn)

‘ For simplicity of this talk: real Hilbert spaces
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Introduction

Traces

AcA lddc

A*cAT=A* Iddc, Hilbert space adjoints
(A, A*) pair “with” boundary conditions (A,A%), (A,AT =A%)
(A,AT) pair “without” boundary conditions dual/adjoint pairs

Traces for D(A)?

basic idea and setting: integration by parts / extension of adjoints

i D(A) = D(ATY,  7ax(y) = {y, Ax)u, — (AT y,x)nq

X = TAX

x € D(A), y e D(AT)

bd dual trace | 757 : D(AT) = D(A),  7aty(x) = (x,AT y)u, = (Ax, y)n,

Y = TaTY

note ’ TaTY(Xx) = —Tax(y) ‘

equivalently on D(A) x D(AT) resp. D(AT) x D(A)

«va» = TAX(y) = _TATy(X) = (yvAX)Hl - (AT}le)HO
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Introduction

Hilbert Complexes

Traces for Hilbert Complexes

o We give Traces for Hilbert Complexes.

@ On the other hand Hilbert Complexes are necessary for Traces.
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Traces

Traces for Single Operators

Traces for Single Operators
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Traces

Traces for Single Operators (and Adjoints)

AcA and A*cAT=A*Iddc (Hilbert space adjoints)

Traces for D(A) and D(AT) —  traces come always in pairs

TAX(y) = <y7AX)H1 - (AT.y7X>H0

primal / dual traces 7a: D(A) = D(AT)', a7 : D(AT) > D(A)’
primal / dual adjoint traces 74 : D(AT)” - D(A)’,  7ar : D(A)" - D(AT)’

note: Hilbert spaces H here D(A) v D(AT) are | self-dual | (Riesz) and

= isometric isomorphisms py:H—>H’" and 1y:H—>H"

Theorem (kernels, boundedness, and adjoints)

o N(7a) =D(A) and N(7ar)=D(A*) and |7al,|7at] <1

© Tplg = —TaT  and  Tyrig=—Ta

R(a7) = R(74) = N(7a)° = D(A)° and R(7a) = D(A*)°

Dirk Pauly Traces for Hilbert Complexes Institut fiir Analysis, TUDD
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Traces

Traces for Single Operators (Riesz Isometric Isometries)

AcA and A*cAT=A*lddc (Hilbert space adjoints)

Let x e D(A). What is / solves

y::—p_Dl(AT)TAxeD(AT) and X:=ATy?

v

Lemma (extension / right inverse)

(%,7) e N(ATA+1) x N(AAT+1) and X-xe D(A) = N(ra)

= ‘TAATS//=TA;</=TAX‘

= |[-TaAT pBl(AT) =idgiry | = -AT p_Dl(AT) right inverse of Ta on R(Ta)
)
note: ( 0 -A + 1) X1 0 (formally skew-symmetric)
: A 0 7
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Traces

Traces for Single Operators (Riesz Isometric Isometries)

AcA and A*cAT=A*lddc (Hilbert space adjoints)

Lemma (extensions / right inverses)

—TA AT pBl(AT) =idg(r,)y and 7a:=-AT pBl(AT) right inverse of Ta on R(7a)
—TAT ApD(A) idr(ryr) and Tari=-— ApBl(A) right inverse of Tpt on R(7Tat)

Definition (extensions / right inverses)

Let ¢ € R(7a) and 1 € R(7a7). We call:
° = —PBI(AT)¢ e N(AAT +1) harm Neumann ext of ¢ since T AT ¢ = ¢
0 G=ATH=-AT pD(AT)¢> e N(ATA+1) harm Dirichlet ext of ¢ since Ta¢ = ¢
° = pD(A)¢ e N(ATA+1) harm Neumann ext of v since Tor Ath = 4
b= A= 7Ap51(A)w e N(AAT +1) harm Dirichlet ext of 1 since Tar %) = ¥
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Traces

Traces for Single Operators AcA and A*cAT=A* (lddc)

o N(7a) = D(A) o R(7a) =D(A*)° = {® e D(AT) : D(A*) c N(¥)}

o N(7pr) = D(A*) o R(7ar) = D(A)° = {® e D(A) : D(A) c N(®)}
In particular, the kernels and ranges are closed.

€

Definition and Lemma (trace spaces)
o T(A):= D(A)*2® = N(AT A +1) = D(7a)/N(7a) = D(A)/D(A) =: T(A)
o T(AT):= D(A*)*PAT) = N(AAT +1) = D(7a7)/N(7a7) = D(AT)/D(A*) = T(AT)

= red traces

‘/I‘\A = TA|T(A) : T(A) — R(TA) ‘ ’?AT = TAT‘T(AT) 8 T(AT) — R(TAT) ‘

Theorem (ranges and trace isometries)

R(7a) = R(7a) = D(A")° = pp(ary T(AT) = T(AT)’
R(7at) = R(7at) = D(A)° = pp(ay T(A) = T(A)’

‘ The reduced traces are isometric isomorphisms. ‘
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Traces
Traces for Single Operators AcA and A*cAT=A* (lddc)
Remark (trace /Riesz isometric isomorphisms —)
7a i D(A) > R(7a) c D(AT)', PA = pp(ay : D(A) - D(A)’
TAT ¢ D(AT) = R(7at) © D(A),’ PAT = Pp(AT) * D(AT) - D(AT)’
7a = TalT(ay : T(A) > R(7a) = T(AT), Pa = palr(ay : T(A) > T(A)

7t = Tatlr(aty  T(AT) = R(7a7) = T(A)’ Pat = patlreary s T(AT) > T(AT)

Lemma (trace /Riesz isometric isomorphisms —)

|

R(Ta) = R(7a) = R(pa7) = T(AT), Ta:T(A) > T(AT),  par: T(AT) — T(AT)
R(7at) = R(Fa7) = R(Pa) = T(A)',  7ar : T(AT) - T(A), pa: T(A) - T(A)

Definition (inverses of trace /Riesz isometric isomorphisms —»)

Fai= i T(AT) - T(A), Pat = Pt : T(AT) > T(AT)
TaT = ?;Tl 8 T(A), —> T(AT)7 PA = /3;1 8 T(A)/ - T(A)

Continuity of traces and extensions for free! (no ass on R(A) or domains )

/\ EVEN ISOMETRIES A\
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Traces

Traces for Single Operators AcA and A*cAT=A* (lddc)

Remark (trace /Riesz isometric isomorphisms —)

Continuity/isometry of traces and extensions for free! (no ass on R(A) or domains Q)

A ‘ NO compact embeddings or Friedrichs/Poincaré type estimates NEEDED ‘ A

’We do NOT need: ‘

e.g.: QcR3 bd, weak Lip (compact embeddings)
(Weck 1972/'74, Weber 1980, Picard 1984)

HY () «» L2(Q) or H(curl,Q) nH(div,Q) «» L2(Q)
or even weaker (Friedrichs/Poincaré type estimate <> closed range)

Q (weak Lip, bd in ONE direction) = R(grad) and R(div) closed
Q (weak Lip, bd in TWO directions) = R(curl) and R(curl) closed

Q (weak Lip, bd in directions) = and closed
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Traces

Traces for Single Operators AcA and A*cAT=A* (lddc)

Theorem (trace /Riesz isometric isomorphisms —)

T(A) 25, T(A) 2, T(ATY, T(AT) 25, T(AT) 2, T(A)

bilinear (sesquilinear) forms on T(A) x T(AT) or D(A) x D(AT)

06y = {06y e = Tax(y) = =Tary () = (Ax, y)u; = (%, AT ¥)hg,
{0 = pax(y) = (X, ¥)pay = (X ¥IHe + (AXx, Ay)n,

Corollary (“integration by parts”)

<AX7y)H1 = <X7AT y)Ho + «X7y>)

Dirk Pauly Traces for Hilbert Complexes Institut fiir Analysis, TUDD
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Traces

Traces for Single Operators AcA and A*cAT=A* (lddc)

Isometric Isomorphisms (—)

D(A)
T(A) «—2 T(A) — 24 R(ra) = T(AT)

A Toar

T(A) = R(7ar) 45— T(A")

T

D(AT)

T(AT)

Lq

D(A) = D(A) ®p(ay T(A)

[x1] = [x] and Taxy = Tax = Ta[Xx]

Dirk Pauly
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Traces

Traces for Single Operators AcA and A*cAT=A* (lddc)

Isometric Isomorphisms (—)

D(A) A R(A)

T(A) ¢—"—— T(A) ——» R(ra) = T(AT)/
ﬁAi \» TﬁAT
T(AY = R(mar) 45— T(AT) —— T(AT)

e

R(AT) — D(A")

/& = A|T(A)

Dirk Pauly
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Traces

Traces for Single Operators AcA and A*cAT=A* (lddc)

Isometric Isomorphisms (—>)

A
DA)=— T RA)

TA
TA
L LTJ,W 1 :LI\
Lg 7 e

T(A) &= R(ra) = T(A") == D(A")’

R(AT) TaT D(A”

AT

“on T(A) = N(ATA+1) and T(AT) = N(AAT +1)":
~~1

- ~To N A ~T ~
A =-A PAT TA:pATA A =-A A=A|T(A)
- ~L N AT ~T ~ ~T

TaT = —Apa TaT = paAA (A) L=_A A =AT ‘T(AT)
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Traces

Traces for Single Operators AcA and A*cAT=A* (lddc)
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Theorem (kernels and ranges of traces / isometric isomorphisms)

o N(ra) = D(A) ® N(7ar)=D(A")

® R(7a) = R(7a) = D(A*)° = R(pat) = T(AT) @ R(7y7) = R(7sr) = D(A)° = R(pa) = T(A)'
o T(A) = D(A)"D™) = N(ATA+1) o T(AT)=D(A*)"DAT) = N(AAT +1)

o T(A)=T(A)=D(A)/D(A) o T(AT)=T(AT) = D(AT)/D(A*)

Remark (summary)

@ trace ranges are annihilators of trace kernels

@ trace ranges are duals of reduced transpose trace spaces

o trace spaces are kernels N(AT A+1) and N(AAT +1) (“harmonic fields")
@ trace spaces are orthogonal complements of trace kernels (—)
@ trace spaces are minimal norm extensions (—)

@ trace spaces are quotient spaces of trace kernels
note:
o elements of the trace spaces are “smooth”

o regularity is never a problem (regularity not a good term)

o integrability is always the problem

.

Dirk Pauly
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes

’ so far NO (Hilbert) complexes ‘
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes

Traces for Hilbert Complexes
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes

’ Different Hilbert Complexes ‘

Ao A1

Ho Hy Hy 7 - (unbd prim/dual HilComs)
AJ=AS AT=A}
Ag A
Ho Hq H» (unbd prim/dual HilComs)
AT AT
= D(A) —22 D(A1) —2Ls D(Ag) — - (bd DomCom)
- =— D(Ag)’ Avan D(A1)’ " D(A2)' <—— -+ (bd adjoint DomCom)
0 1
AL Al
w2 D(AT)) «—— D(A]) +—— D(A]) +—— -~ (bd DomCom)
- —— D(AL}) - D(A{) NG D(A])" —— -+ (bd adjoint DomCom)
° !
o AycA, and Ay cA] =Aj (Iddc)
@ R(Ag) c N(A1),  R(Ag) c N(Ay) (prim HilComs)
@ R(AY) c N(A}), R(A]) € N(AJ) (dual HilComs)
@ R(A]) c N(Ap), R(AG") e N(AT") (adjoint HilComs)
Al’:D(AT ) - D(AT Y
= AT" 2 A, :D(A,) - D(Aps1) but AT/ 2A, 5 :D(A, 1) — D(A,) (index shift)
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes AjcA; and R(...)cN(..)

Ag: D(Ag) — D(A1) A] :D(A]) = D(Ag) (vol diff ops)
A : D(A0) = D(Ag)’ a7 : D(A]) = D(A1)’ (trace ops)
Al":D(A}) = D(A]) Ab: D(A1) — D(Ap)’ (surf diff ops)

Theorem (surface differential operators / commutators with traces)

T/ T 4
TA1A0:*A1 TAO and TAEA1:7AOTAI

Theorem (integration by parts .. .)

@ ...on domains: xe D(A), ye D(AT) orxe T(A), ye T(AT) = (Ax, ), = (x, AT YIHg + (v

© .. on trace domains | Tp A0=—AI'TA0 xeD(Ag), ze D(A]) =

(A0 x: 201 =Taq (Ao x)(2) = =Taq (X)(A] 2) = ~((x, AT 0o

© ..on trace spaces| 7, w1 Ag = —A] /' o

o |¥€T(Ro), z € T(AD) =

(L Agx, 201 = 7a; (mLAgx)(2) = ~7ag 0O L AT2) = ~(x, w1 AT 2o

T/__» =17, %
@ ...on trace ranges /’-\1 =-TA g (Ao) tdTAg

pe R(TAO), P e R(TA-lr) =

WAT "o, w1 = §Fa AT T, a7 V01 = (g e %Ag%w»o = (e AL Mo
V.
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes AjcA; and R(...)cN(..)
Ag i D(Ag) — D(A1) (vol diff ops) A] i D(A]) — D(A]) A CRAZY A

AI s D(Ag)’ — D(AI)’ (surf diff ops) A6 8 D(Al)' — D(AO)’ simple idea = amazing complexity

Dirk Pauly Traces for Hilbert Com Institut fiir Analysi
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Traces and “Surface Differential” Operators

Traces for Hilbert Complexes AjcA; and R(...)cN(..)

(trace space complex) iso’

(trace range complex) iso’

(dual trace space complex) iso?

(dual trace range complex) iso?
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Happy Birthday

Fin

Dear Patrick . ..

'Bon Anniversaire!|
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Traces for Hilbert Complexes

...to be continued ...

Appendix
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Regular Subspaces and Their Duals / Trace Hilbert Complexes

Regular Subspaces and Duals

“Regular Subspaces” and Duals
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Regular Subspaces and Their Duals / Trace Hilbert Complexes

Regular Subspaces and Duals

A : D(A1)" - D(Ag)’

e Hf ¢ D(A1) cH; (bd dense embs of reg subsps)
o D(A1) =Hf +AgH{ (bd reg deco ops)
o HE(Ag) ={xeH{:AgxeH]} cHf c D(Ag) c Ho (bd dense embs)
o Fg =HZ’ (duals)
e Hi c D(A1) n D(A]) c H; (bd dense embs of reg subsps)

note: HE (Ag) ¢ HY ¢ D(Ag) € Hp and H) c D(Ag)’ c Hg  HE (Ag)’

by

= extend Aj to ‘AB:IZHQHB'(AO)’
VxeHg(Ao) Ag(x):=1(Agx)
o Hi e D(AL) | Fip (AD) = (v e iy s Apus < Fig}

cHy =H{ ' cHi(A;)

c: Hf cD(A;) = eD(A1) cH; and AjweD(Ag) cHy
o eHi(A)) and D(A1)3y=y1+Agyo € Hf +AgH} (reg deco)

= Yy=vy+(Ag¥)y and WyISCIW,:.l—(Aé)IyID(AI) = ¢eD(A)
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Regular Subspaces and Their Duals / Trace Hilbert Complexes

Characterisation of Dual Spaces by Regular Subspaces

Characterisation of Dual Spaces by “Regular Subspaces”
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Regular Subspaces and Their Duals / Trace Hilbert Complexes

Characterisation of Dual Spaces by Regular Subspaces

Theorem (Characterisation of Dual Spaces by Regular Subspaces)

D(A1) = Fy (A}) = {p e Ay : Ajyp e g}
D(A7) =Hy(A]") = {y e Hy : A] "y e iy}

with equivalent norms.

Theorem (Characterisation of Dual Spaces by Regular Subspaces)

D(A1) =Hi(Ag) = {¢ € HT : Agyp e Hy}
D(A3) =HI (A1) = { e HT : A{ ‘P e H3}

with equivalent norms.
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Regular Subspaces and Their Duals / Trace Hilbert Complexes

Characterisation of Trace Ranges by Regular Subspaces

Characterisation of Trace Ranges by “Regular Subspaces”
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Regular Subspaces and Their Duals / Trace Hilbert Complexes

Characterisation of Trace Ranges by Regular Subspaces

recall traces: Ta, : D(Ao) - D(A])’, TAT D(A]) - D(Ay)’
° N(7ar)=D(A])  © R(mar) = D(A1)° = { € D(A1): ¥l s, = O}

o N(tay) =D(Ao)  © R(7a,) = D(A3)° = {t € D(A])' : ¥lp(az) = 0}

° ° *
density of H; c D(A;) and Hf c D(A}) =

° R(TAI) = I:II0 as closed subspace of D(A;1)’

*
o R(7a,) = H° as closed subspace of D(A])’

= more detailed

Theorem (Characterisation of Trace Ranges by Regular Subspaces)

- ot - .

R(7a7) = D(A1)" n D(A1)° = Hy (Ag) nH;° = {p e Hy s Agyp e Ho A g = 0}

R(7ay) = D(Ag)' nD(A5)° = Hy (Al ) nH{®° = {y e Ay : Al 'Y e Fy A ¢, =0}
Hl

with equivalent norms.
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Regular Subspaces and Their Duals / Trace Hilbert Complexes

Trace Hilbert Complexes

Hilbert Complexes of Traces and Trace Spaces
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Regular Subspaces and Their Duals / Trace Hilbert Complexes

Trace Hilbert Complexes

‘ Hilbert Complexes of Traces and Trace Spaces ...to be continued ...

o different unbounded versions of “surface differential operators”

ATI ATI
o —3 D(AJ) —= D(A]) —2— D(A]) —=» - D(AT,1") = R(ra,) < D(ATY’

v+ 4 D(AY) 4 D(A2)' 4 D(As)’ 4 - D(A) = R(ryr )€ DCAn1)’
1 2
R(pg) = ﬁ{"’ cl sbsp of both D(A])” < HT

* AT7 % AT % Al’ :R(ma,) = R(7a,)
1 2 1 ¢ A A
N Hf° N H;C’ N H§'° S e 0 1
* o —
o . o R(rp ) cHP2 chi
+ + + A
B Hlo — H20 — H3O — " LT et
Al Ay R(7py) = D(Ag) N D(A)°

= (AT Iy ~
=A7(A{ HnHT®

AT/ AT/
e M . o e T e
= H; : A H. =0
T H <T> H, <A—,> Hy &= {wefp A "pe 2/\wlﬁq }
= (g ehFo Al Ty e fiFo)
. - —
@ compact embeddings for trace Hilbert complexes =’ﬁ{'°(‘q')

@ boundary value problems on trace Hilbert complexes
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